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In this note, we answer a problem of P. Duchet, M. Las Vergnas and H. Meyniel by giving 
an example of null-homotopic graph in which the deletion of no edge preserves the 
null-homotopy. 
In this note, all graphs are assumed to be simple and without loops. In [2], P. 
Duchet, M. Las Vergnas and H. Meyniel proposed the following conjecture 
(conjecture 2.8): 
I f  G is null-homotopic (i.e., if every cycle of G is the modulo 2 edge sum of 
triangles), there is an edge e of G such that G \e is still null-homotopic. 
We give here a counterexample to this conjecture. 
Let us note G the graph in Fig. 1 where the two vertices a are identified and 
then the two cycles (a, b, c, d). 
As easily checked, the number of triangles of G is exactly the dimension of its 
cycle space. To prove the null-homotopy of G, we need to prove that the 
triangles are linearly independent over  F2. 
For that, consider the cycle C = (a, b, c, d). 
C is the modulo 2 sum of all the triangles of G since every edge is in exactly 2 
triangles, except hose of the cycle C which are in 3 triangles. Moreover, we claim 
this is the unique decomposition of C. Indeed, if a vertex u different from a, b, c, 
d belongs to one of the triangles of a decomposition of C, since the graph induced 
by u and its neighbours is a wheel, every triangle having u as a vertex is in the 
decomposition. So, since the graph G\  {a, b, c, d} is connected and since at least 
one vertex different from a, b, c, d is needed for a decomposition of C in 
triangles, all vertices and all triangles are needed. The unicity of the decomposi- 
tion of cycle C proves there cannot be a relation of dependency between the 
triangles of G. To see that G \e is not null-homotopic for any edge e, note that 
every edge belongs to at least two triangles and then the deletion of any edge 
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decreases the dimension of the cycle space of 1, but decreases the number of 
triangles of at least 2. 
This concludes the proof. 
Remark. The graph G can be seen as a 'good' triangulation of a topological 
space. Indeed its construction is based on the following considerations. We can 
associate a topological space to any graph G by considering the simplicial 
complex T(G) of the triangles, edges and vertices of G. Conversely if a 
topological space is homeomorphic to a simplicial complex T of dimension 2 
(called 2-triangulation of the topological space) such a complex defines a graph 
G(T) whose the vertices (resp. edges) are the vertices (resp. edges) of the 
complex. In order to make dual these two operations, we have to suppose the 
2-triangulation fine enough so that every triangle of G(T) is the frontier of a 
2-dimensional face of T. Then we could prove that for any 2-triangulation T
satisfying this condition, : r l (T)= 0 if and only if G(T) is null-homotopic (and 
consequently any graph G is null-homotopic if and only if :rl(T(G)) = 0). It is a 
consequence of theorems 7.3 and 7.6 of [3]. The counterexample above shows 
dearly from which topological space it is obtained. 
References 
[1] C. Berge, Graphes (Bordas, Paris, 1983). 
[2] P. Duchet, M. Las Vergnas and H. Meyniel, Connected cutsets of a graph and triangle bases of 
the cycle space, Discrete Math. 62 (1986) 145-154. 
[3] S. Eflenberg and N. Steenrod, Foundations of Algebraic Topology (Princeton University Press, 
Princeton, NY, 1952). 
